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Abstract 

We show that the abelian Proca model, which is gauge non-invariant with second 
class constraints can be converted into gauge theories with first class constraints. The 
method used, which we call Gauge Unfixing employs a projection operator defined in 
the original phase space. This operator can be constructed in more than one way, and 
so we get more than one gauge theory. Two such gauge theories are the Stiickelberg 
theory, and the theory of Maxwell field interacting with an antisymmetric tensor 
field. We also show that the application of the projection operator does not affect 
the Lorentz invariance of this model. 
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1. Introduction 


Hamiltonian systems with second class constraints 1 have been the subject matter of 
interest for sometime now. Although their existence has been known for long these con¬ 
straints were regarded as merely serving to reduce the degrees of freedom, and hence are 
removed by using the Dirac bracket formalism. First class constraints on the other hand 
imply the presence of gauge invariance. 

Even though second class constraints by themselves do not imply gauge invariance in 
the corresponding systems, recent work 2,3 shows the possibility of underlying symmetries 
in such systems. These are revealed by converting the original second class system to 
equivalent theories which have gauge invariance. In the language of constraints this means 
the new theories will now have first class constraints. 

Two methods are available for this conversion to equivalent gauge invariant theories. 
One is the BF method 2 , which is basically formulated by extending the phase space of the 
original second class system. The other method is what we call Gauge Unfixing 3 ; this, 
unlike the BF method is formulated within the original phase space itself. The important 
step in this is the construction of a certain projection operator which defines the gauge 
theory. For a second class system this operator is not unique. It can be constructed in 
more than one way and so we can have more than one gauge theory, all equivalent to the 
original second class system. 

The advantages of treating a second class constrained system in this manner are obvious. 
The new gauge theory can be studied using well established techniques like BRST, Dirac 
quantisation, etc,. Further under gauge fixing the new theory goes back to the old (gauge 
non-invariant) one for a specific gauge. But other gauges can also be used, gauges which 
might yield physically relevant theories. We know from the results of Faddeev and Fradkin- 
Vilkovisky 4 that these gauges are all equivalent. Apart from this freedom in choosing the 
gauge, we also have the freedom in choosing the appropriate projection operator and thus 
the appropriate gauge theory. 

In this paper we consider the abelian Proca model in the light of the above method. 
This model has only second class constraints. The projection operators are constructed. 
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For one choice of operator the resulting gauge theory has a trivial invariance, and the 
Hamiltonian is written entirely in terms of gauge invariant variables. The other choice 
for the projection operator gives a non-trivial gauge theory which will be shown to lead 
to the (gauge invariant) Stiickelberg version 5 of the Proca model. Treated in a different 
manner, the Hamiltonian for this same non-trivial gauge theory leads to a model which has 
a massless antisymmetric tensor held interacting with the Maxwell held. 

Many of these results have also been obtained by using the Batalin-Fradkin method 6,7 
which, as we mentioned earlier, is formulated in an extended phase space. However we em¬ 
phasize that our results are obtained through Gauge Unfixing, which involves no extension 
of the phase space. In other words the gauge theories that we obtain can be found within 
the phase space of the original second class (Proca) theory. 

We also look at the Poincare invariance of the new gauge theories. The Proca model that 
we start with has a manifestly Lorentz invariant Lagrangian. In phase space its Poincare 
generators obey the Poincare algebra through Dirac brackets 1 . We show that for either 
choice of the projection operator, these generators (even though they get modified by the 
projection operator) continue to obey the Poincare algebra. The use of the projection 
operator thus does not affect Poincare invariance. 

In section 2 we introduce and summarize the gauge non-invariant Proca model. In 
section 3 we introduce the method of Gauge Unfixing and apply it to the Proca model. 
The two choices of the first class constraint are dealt with separately as cases (i) and (ii). 
Section 4 is devoted to conclusions. In the appendix we give the properties of the projection 
operator. 

2. The Proca Model 

The abelian Proca model is a (3 + l)-dimensional theory given by the Lagrangian 

I 

C = —F, V F^ + —A^A^, (2.1) 

with m the mass of the A M held. As usual F llu = d^A^ — d^A^, and = diag(+, —, —, —). 

In phase space, we have the momenta tt^x) conjugate to the A^(x) and the canonical 
Hamiltonian (after ignoring a total derivative term which arises in the Legendre transfor- 


2 



mation) 

H c = j d 3 x H c — j d 3 x + ^FijFij - -y(^o - A l) + 4)(<9j7q)'j , (2.2) 

with 7 r.j = — F 0i . There are two second class constraints 

Q\ = vr 0 (x) « 0, 

Q 2 = (- di-Ki + m 2 A 0 )(x) « 0, 

where Qi is the primary constraint and Q 2 the secondary constraint. These two constraints 
together define the surface ^2 i n the phase space. Their second class nature is seen by 
their non-zero Poisson brackets 


(2.3) 


W 1 W.O 2 W} - -m 2 S(x-y). 


(2.4) 


We thus have a 2 x 2 matrix E with elements E ab = {Q a (x), Qb(y)} (a, b = 1,2), 

1 0 — m 2 \ 
y m 2 0 J 


(2.5) 


which has a non-zero determinant and hence an inverse E ~ 1 everywhere in the phase 
space. The constraints (2.3) can be eliminated by replacing Poisson brackets (PBs) by 
Dirac brackets (DBs). For any two phase space functions B and (7, 


{B(x),C(y)} DB = {B(x), C(y)} PB 

-J d 3 ud 3 v{B(x),Q a (u)}p B E~ b 1 (u,v){Q b (v),C(y)} PB . 

By construction the Dirac bracket of any variable with either of the constraints (2.3) is 
exactly zero. Further we have 

{A\x), Tijiy^DB = 8)8{x-y ), 

(W(x), A j {y)} DB = = 0, 

yZ. (j 

(4)(a), Ki(y)} D B = 0, 

{A 0 (x),Ai(y)} DB = -K d ix 8(x-y). 

Ul 

Thus the A * and the iij continue to remain canonical conjugate pairs, ffowever from the 
last equation in (2.7), we see that A 0 is no longer independent of the n t . This equation 
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is consistent with taking Q 2 = 0 as a strong equation 1 and replacing A 0 by — V . Using 

m 

Q 2 = 0, the canonical Hamiltonian (2.2) becomes 


H c = f d 3 x ( i TTiiTi + -^A 2 


I d^ijFij (dilTi 

■l ' A ‘ 


2m 


( 2 . 8 ) 


The Lagrangian L in (2.1) is manifestly Lorentz invariant. To verify Poincare invariance 
of the model in phase space, we look at the components of the energy-momentum and 
angular momentum tensors 


T 0ll ~ —Foa(d^,A a ) — g 0tl C, 

AAq fiv •E/jToi' Xu%n T Ttp,A u ^lyAfi- 

The Poincare group generators P /( = / d 3 x T 0/i and M = f d 3 x AA 0/xl/ in phase space are 
then 

/ /l 1 7V? \ 

d 3 x I -TTiTTi + -FijFij - — [A 2 0 - A]} + A 0 (diHi) J , 


p i = J d 3 x (V • (diA)), ^ ^ 

M 0i = j d 3 x (x 0 TT • ( diA) - x{H c + 7T 0 A), 

Mij = j d 3 x (xi 7? • (djA) — xj 7? • (diA) + 7qA — AA), 
where in the first line, a total derivative term is ignored. Furthermore, though the term 
—7TjA is present in AA 0 o®, it is absent in M 0i . This is so because the substitution (and 
rewriting) of the expression for T 00 in M 0i gives rise to a term +7T.,A) (apart from a total 
derivative) which cancels the — 7TjA already present. The resulting expression for M 0i is 
the one shown in (2.9), with Tt c is the Hamiltonian density given in (2.2). Using the Dirac 
brackets (2.6) we find on the surface XA 


{Pin Pu}dB 

P\}db 
{M IW , M ap }r>B 


0, 

///(A ^ b T Qu\P[n 

Ad up T Cjv a M T (j jipAluu C/upAIp,<j. 


( 2 . 10 ) 


It is important to note (for later purposes) that the right hand sides of (2.10) (apart from 
total derivatives) also have terms involving the constraints (2.3), which have been put to 
zero here. The Poincare algebra (2.10) thus confirms the Poincare invariance of the Proca 
model in the Hamiltonian formulation. 
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3. Gauge Unfixing 


We now derive the underlying symmetries of the Proca model using the gauge unfixing 
method 3 . For this we first note from (2.5) that each of the constraints in (2.3) is first class 
(i.e., has zero PB) with itself, but they are second class with respect to each other. Thus 
each is like a gauge fixing constraint to the other. Now if either of these constraints is 
retained and the other no longer considered a constraint, then we have a system with only 
a first class constraint. Accordingly we have two choices for our first class constraint. We 
consider these one by one. 


Case (i) 


We redefine the constraints (2.3) as 

X(x) 

ip(x) 



Q-i(x), 


(3.1) 


so that, from (2.4) y and '(/; form a canonical conjugate pair. We now choose y = 0 as our 
first class constraint, and no longer consider 0^0. The dynamics will now be relevant on 
a new constrained surface Xu defined by only y = 0 (the equality sign is changed from « 
to =). In order that we have a gauge theory with transformations generated by y, relevant 
physical quantities must be gauge invariant. In particular the Hamiltonian H c of (2.2) is 
not gauge invariant, {y, H c } ^ 0 (on Xu)- Hence to get gauge invariant observables, we 
define a projection operator 


P = 


- j d 3 x 0 y 


(3.2) 


where for any phase space functional B , we have y B = {y, B}. In applying (3.2) we adopt 
a particular ordering 3 ; when P acts on any should always be outside the Poisson 
bracket. We thus have the gauge invariant quantity B(x) 


B{x) 


d 3 x 0y 

: e J : B[x) 

B(x) - J d 3 y B(x)} 

/ d3 y d3z ^(y)^( z ){x(y),{x(z),B(x)}} 


(3.3) 


+ .... 
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In particular, the gauge invariant Hamiltonian will be, using (2.2) and (3.3) 


H c = H c - d 3 x -+ | / d 3 xd 3 y ip(x)4>(y)( — ?)5(x - y ) 

J m" J m 

— f ^3^. (^ 1 A V7 . £ 1 ^ T? T? m ( A2 a2\ , V’ \ 


- J d x ( Y + ^oV • n + -FijFij - -(A 0 - A ) + 


It can be checked that {x(x),H c } = 0. Thus x — 0 and H c describe a consistent gauge 
theory. This gauge theory goes back to the original Proca model when we consider and use 
"0 ~ 0 as the gauge fixing condition. 

The y is the generator of gauge transformations. It can be checked that the A 1 and the 
7 r.j (i = 1,2,3) are all gauge invariant. However A 0 is not, since A 0 —> Hq = A 0 + A, for 
infinitesimal gauge transformations. Here A is the transformation parameter. 


The Hamiltonian H c though gauge invariant, involves gauge non-invariant fields. Using 
the explicit form -0 = V ■ i r + m 2 , it can be rewritten in terms of only gauge invariant 


fields, 


H r = / d 3 x 


■ a . ( T 2 . rrfA* 


where the holds A l (x) and 7 tj(x) continue to form canonical conjugate pairs. Note that H c 
in (3.5) is just the Dirac bracket Hamiltonian (2.8) of the original Proca theory. 

We now look at the Poincare invariance of the new gauge theory. In order that the 
Poincare group generators be physical observables, they must be gauge invariant with 
respect to y. To obtain these, we first apply IP on the quantities P M , M^ of (2.9), 


n p o) = ^ = p °+/ a (£} 

JP(Pi) = Pi =P it 

JP{M 0 i) = M 0i = M 0i - J d 3 x j 

JP(Mij) = Mij = Mij. 


(3.6) 


These projected quantities can be verihed to be gauge invariant. Thus in order that they 
be gauge invariant, Pq and M 0l get modihed. The Poincare algebra is verihed by looking at 
the Poisson brackets of the projected quantities (3.6). To this end we use certain properties 
of the projection operator (see appendix). Using (A.6), the Dirac brackets (2.10), (A.5) 
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and (A.4), we find on the surface Ei( X — 0) 

{Pp,P*} = 0 , 

{M[iv,P\} — ~ 9n\Pv + 9v\Pni ( 3 - 7 ) 

{M /W} M ap } — —fjpa M vp + g va M lip + g pp Ad va — 

which shows that the Poincare algebra is not affected by the projection operator IP (3.2). 
In this context it must be noted that it is necessary here to have IP—projected Poincare 
generators instead of the old ones (2.9). If we consider the old generators (2.9), then their 
PB or DB algebra (2.10) will in general involve both x an d ip, which can both be put to 
zero (surface E 2 ) on ^U the original second class theory. In our new gauge theory, only 
y can be put to zero (on Ei)> and so the old generators (2.9) no longer give the Poincare 
algebra. But if instead the IP—projected quantities (3.6) are used, even if their Poisson 
brackets give extra terms involving ip, these get eliminated due to the property (A.4), and 
Poincare algebra is obtained. 

The inverse Legendre transformation for the Hamiltonian H c (3.4) will result in a La- 
grangian which is not manifestly Lorentz invariant. We do not consider this here. 


Case (ii) 


To consider a different choice of first class constraint, we reclassify the constraints (2.3) 


as 


X'(x) = -X z Q 2 (x) = -Xj (-V -7? + m 2 A 0 ) 

m m v ' 

ip\x) = Qi(x) = n 0 (x), 


(3.8) 


which, as in the earlier classification (3.1), form canonical conjugate pairs. We choose 
x' — 0 (note the change in equality sign) to be our first class constraint, and disregard 
ip' « 0. Then x' 0 will define a new constrained surface Xjj, different from the earlier 
and El • Oru' new gauge theory is now to be defined on this new E( • 

As in case (i), we must have observables gauge invariant under gauge transformations 
generated here by x'■ Quantities like the second class Hamiltonian H c of (2.2) do not in 
general satisfy this requirement. Further the Hamiltonian H c of (3.4), which was gauge 
invariant in the earlier case (i) is not so here, {%', H c } ^ 0. Hence we define and construct 
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a new projection operator 


jp, _ . -J d 3 x ip'(x)x'(x) _ 

1P'(B) = B ( 3 ’ 9 ) 

*'5 = 


where F> is any phase space functional. Again, as in (3.2), we have here a particular ordering 
- the ip' is always outside the PBs occuring in the series expansion of IP'(B). 

It must be noted that the IP' and x' in (3.9) are not the same as the IP and x hi (3.2). 
Thus the gauge theory defined by JP' is in general different from the one defined by IP. For 
instance, the gauge invariant Hamiltonian 1P'(H C )(— H c ) here is different from the H c of 
eqn.(3.4), 


H c = H c — j d 3 x 
TlJ 


V>'(V • A) + —^'vV 

2 m 


— / d 3 x | + A 0 (d i 'K i ) + - I')jPjj -—(Aq — A 2 ) 


(3.10) 


-7T 0 (V •A) + A ? (VTTo) 2 . 

It can be verified that {x'(x), H c \ — 0. Thus x' — ; 0 and H c define our new gauge theory. 
This goes back to the Proca theory under the gauge condition Ri 0. The Hamiltonian 
H c goes back to the second class Hamiltonian (2.2). 

The gauge transformations are generated by y', and unlike in case (i) (where A 1 and 7Tj 
were gauge invariant), here the gauge invariant fields are Aq and 7q. As for the remaining 
fields, we have, for a transformation parameter n(x) 


A -4 

7T 0 -> 7Tq 


Ai + J d 3 x n(x){Ai,x\x)} 

Ai - K(d.iid), 

m 

7T 0 - H- 


It can also be verified explicitly using 


(3.11) that H c is gauge invariant. 


(3.11) 


Before we look further at the Hamiltonian H c , we look for Poincare invariance in this 
new gauge theory. As in case (i), the group generators must be gauge invariant, this time 
with respect to x'■ It can be seen that neither the quantities (2.9) of the second class Proca 
theory, nor the quantities (3.6) have zero PBs with x'■ Hence we apply the operator IP' 



(3.9) on all the quantities P ;j , M /w of (2.9). Noting from (3.9) that the operation of IP 1 
results in a series, we get the gauge invariant quantities 

Po = J d 3 x + A 0 (di7Ti) - —(Al-Ai 2 ) + -F^ 

-MV-A) + ^(Vn 0 )^, 

Pi = Pi~ J d 3 x ip'[-di(V ■ 7 ?)] 

= J d 3 x - ip'dix'), 

M 0i = Moi + J d 3 x ■ vf) + x*7T 0 (V • A) + ^AttqV 2 ^ ( 3 - 12 ) 

= J d 3 x xon/AA 11 - xo^'dix' - x{H c + n 0 A t , 

M tj = Mij+ [ d 3 xip , (x i d j ~x j d i )(—-£-) 

J m 

= J d 3 x (Xi n^djA^ — xj n^diA 11 + 7 TiAj — iijAi 

- ^'{xidj - Xjdi)x'), 

where we have used (2.9), (2.3), (3.8) and the Hamiltonian density 7i c of (3.10). Also we 
have ignored total derivative terms in writing the expressions for P 0 and M 0i . It can be 
verified that the above projected quantities are indeed gauge invariant with respect to x'■ 

We now verify the Poincare algebra. The old generators P /i5 M /JV of (2.9) will not serve 
this purpose here. This is because, as mentioned in section 2, the Dirac brackets (2.10) will 
in general involve extra terms involving both the x' an d 4 > '■ I 11 th e present gauge theory, 
only the x' can be put to zero (surface X)() an d not the , in which case we will not have 
the Poincare algebra. 

For similar reasons the P M and M I1V of (3.6) which obeyed the Poincare algebra in the 
gauge theory of case(i), cannot do so here. The PBs (3.7) among P^ and M lllt involved 
extra terms in 7To(= ip r ), which cannot be put to zero here. Consequently we are left with 
verifying if the P , M /w of (3.12) satisfy the Poincare algebra. 

As in case (i), we use the properties of the projection operator given in the appendix. 
We use the Dirac brackets (2.10), and using (A.6), (A.5) and (A.4) we eliminate the extra 
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terms in ip '. We thus get on the constraint surface Xu 


(h. p h = P'({P„,P,} D b) =' 0, 

{MpmP. a} = IP' {{Mp U , P\}db) Q^xPy T QvxPfxi 
{M^Xp} = lP'({M„ u ,M ap } DB ) 

= — .9/jct M^ p + Qvo-Mpp + 9p pM ua . — g vp M^ a . 


Thus the Poincare algebra is satisfied and P , M are the generators of this group in the 
gauge theory defined by x' 0- The application of IP' thus does not affect the Poincare 
invariance of the Proca model. 


We now return to the gauge invariant Hamiltonian Ft c of (3.10). 
motion are 

A, = 

m 


The equations of 


tto = Q -2 = ~m 2 x' = 0, ( 3 . 14 ) 

At = — 7 Tj + diA 0 , 

ni = djFji + m 2 Ai — diip'. 

We once again see the equivalence of this gauge theory (case(ii)) with the original Proca 
model. Under the gauge fixing condition ip' « 0, the equations (3.14) go back to the 
equations of motion for the Proca model. 

We now consider the passage from H c to the Lagrangian formulation. Using ttq = Q -2 
from (3.14), we rewrite H c as 


H„ = 


drx 


7T 


+ 


,2 r 


Ao -2 

m 


<9 0 7To 


(V ■ 7f) + -FijFij ~ 7T 0 v -A 


WU (^° — Ua^O^o) 2 — A 2 


2m 


(<9 0 7To) 2 - (V^q)" 


* / ^ 711/ 

d 3x ( + A' 0 V • 7r + -F^F^ — (A\ 


(3.15) 


o 2 - *) 


— 7T 0 V • A — 


1 


2m' 


{dp-Kof 


where we have called (Ho -^ 7 < 9 o 7 t 0 ) = A' n . The equation of motion for A' n is the same as 

m 

for A 0 , because of r r 0 = m 2 x'(~' 0). Further in eqn.(3.14) for A i: <9jH 0 becomes diA' 0 . Using 
(3.15) and ignoring the prime on A' 0 , we write the Lagrangian L = f d 3 x ('KqAq + 7pH* — Tt c 
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as 

( 2 ^ 

7T 0 (9 m A M - 7Tj(—7Tj + <9;A 0 ) - y - -FijFij 

—Ao(diiti) + ^-A^A 11 + .-,^2 (d^TTo) 2 ) (3.16) 

= j d 3 x (n 0 d,A» - ^F^ + ^A m 7U + ^2 (<Vo) 2 ) • 

If we now consider the 7To (or ip') to be a new field appearing in the Lagrangian, and then 
_ 1 

rescale 7To to 9 = —Ptto, we can rewrite L as 
m 

L = j d 3 x (-^F^ + ^A^ -m 2 9d^ + ^(d tl 0) 2 \ 

) 2 v 7 (3-17) 

= J d 3 X --F/^ + y^ + ^^+W) J. 

We have ignored a total derivative term in the second line in (3.17). We thus arrive at 
the Stuckelberg Lagrangian 5 . The 9 held is identified with the so-called Stuckelberg scalar, 
whose gauge transformation cancels that of the A M held, thus making L invariant. Note 
that this L looks like the Proca Lagrangian, but here in (3.17) the helds ( A M + d^O) are all 
gauge invariant. It may also be noted that the Stuckelberg Lagrangian in (3.17) goes back 
to the Proca Lagrangian (2.1) under the (unitary) gauge condition 9 = 0. 

A remark is in order at this stage. Using the Batalin-Fradkin method a similar result 
has been obtained by Banerjee et al, Sawayanagi 6 and Kim et al'. There the phase space 
is enlarged by introducing an extra canonical conjugate pair of helds. The extra held is 
identified with the Stuckelberg scalar, and additional terms in this extra held appear in the 
Hamiltonian to make it gauge invariant. 

In contrast, we have found the Stuckelberg scalar within the original phase space itself. 
This is just the ip'{= 7r 0 ) of (3.8). As we have shown, gauge unhxing does not allow this Y 
to be put to zero. As a result extra terms in tp' appear in the gauge invariant Hamiltonian. 
These extra terms correspond to the additional terms appearing in the BF gauge invariant 
Hamiltonian 6,7 . Thus the ip' (with rescaling) of the gauge unhxing method is just the extra 
held introduced in the BF method 6,7 . Indeed this identification is confirmed when we go 
back to the second class Proca model. In the gauge unhxing method this is achieved by 
gauge fixing with ip' « 0, whereas in the BF method the extra held is put to zero. 
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We also mention that the Stiickelberg Lagrangian is manifestly Lorentz invariant, thus 
confirming the Poincare algebra (3.13) that we obtained using modified Poincare group 
generators. 


The gauge theory of case (ii) can be related to another model too. To see this, we 
rewrite the Hamiltonian H c of (3.10) as 


H r . = / d s x 


71 

T + 


FijFu ^ _ in 2 o m 2 G 

-V 1 + Fn V • TT - —F 2 + — F 2 


(3.18) 


where 


dj7To 

2 3 

m 


(3.19) 


Fi = A- 

F) = Aq. 

Using (3.11), we see that Fo and F t are gauge invariant holds. Thus the Hamiltonian H c in 
(3.10) involves gauge non-invariant fields, whereas the H c in (3.18) has only gauge invariant 
fields. In contrast to the Ao and A t having zero Poisson brackets among themselves, we 
have here 

{Fq,F 0 } = {Fi,Fj} = 0, 


{F 0 (x),Fi(y)} = -^2 diJ(x-y). 


(3.20) 


m 


Thus the price one pays for considering gauge invariant fields is the non-zero PB in (3.20). 
Note that the above PBs among F 0 ,Fj are just the Dirac brackets (2.7) among the 
fields in the original Proca system. We next define = d^Fv — d u F^, and find that 


d lt G llu = -m 2 F u + g 0u W V 


(3.21) 


Thus modulo a term in eqn.(3.21) is similar to the corresponding equation in the Proca 
model, c \ l F fJ,u = —m 2 A 1 ' which however involves gauge non-invariant fields. 

Since (3.21) leads to d^F 11 = 0 the helds can be written in terms of a gauge invariant 
antisymmetric tensor held A^ 


F^ = \e lwXa d v A XrJ 

_ 1^ r^v\(j 


(3.22) 


where we have the totally antisymmetric quantity G uXcr 


QWB Xa \ The Hamiltonian H c 
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now becomes 


H 




p..p.. 

1 ij 1 o 

4 

p..p.. 
1 1j 1 1j 

4 


+ Foidip) - 

+ Foidm) + ^G ijk G* k + ^G 0jk G 0 ^ 


(3.23) 


with gjjfc = eoijfc.Note that (3.23) involves only gauge invariant holds. 

It is more interesting to consider gauge non-invariant antisymmetric tensor fields. Recall 

that the gauge invariant Hamiltonian H c was first obtained as a series (3.10) in the 7To, 

which was later redefined to be the Stuckelberg scalar 6(= Instead of a scalar held, 

m 

we can introduce a tensor held, while still retaining gauge invariance. For this, we use 
(3.19) and (3.22) to write 


di7r 0 = m 2 (A i -\e illvX d^A uX ) 
Tijk = m 2 (e jkrn A m + G 0jk ) 


(3.24) 


The Hamiltonian of (3.10) now becomes 

H c = H c + J d 3 x + (3.25) 

where H c is the Proca Hamiltonian (2.2). Thus in place of a (finite) series in a scalar held, 
we now have H c to be a series in the tensor held n l3 . The gauge theory involving 0 (or 
7To) had the A^ held interacting with the 9 held; here A M interacts with an antisymmetric 
tensor held. Note that the unitary gauge n l3 = 0 takes H c back to the Proca Hamiltonian 
H c ; this, from (3.24) is just the 7To = 0 used earlier. 

The Hamiltonian H c in (3.25) is invariant under gauge transformations generated by 
n + \e i3k d l AF^j . which is obtained from ^ {—dip + m 2 A 0 ) using (3.22). The 

helds A^ v are gauge invariant, from (3.22). The tensor TT ]k however is not; using 


{A«(x), n mn (y)} = (« - W S{x - y), (3.26) 


we hnd the variation 7r jfc —> 7r 3> " — fy k d l y. where y is the transformation parameter. Note 
that the relation (3.26) and the above variation of Ti, jk are consistent with (3.24) and the 
variation (3.11) of t[q. 
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The Hamiltonian (3.25) is very similar to the one obtained by Sawayanagi 6 , who has used 
the BF method. The extra fields introduced were just the tensor field and (r^^kd 1 A ]k — 
Ho), which were used to write down the gauge invariant Hamiltonian as a (finite) series 
(this Hamiltonian 6 has an extra term involving ( A ]k — H 0 ), which is zero in our case, 
see (3.22)). Our result (3.25) however is obtained within the original phase space. 

The Hamiltonian H c may not lead to a manifestly Lorentz invariant Lagrangian in¬ 
volving the Maxwell and tensor fields (we have not considered Lorentz invariance in phase 
space here, since it has already been verified in (3.13)). We can however write down such 
a Lagrangian 6,8 which gives the Hamiltonian (3.25), 

~ f ( 1 IT/ 2 777 ^ \ 

L = J d?x ( - ~/l„- + —G^G^y (3.27) 

with G^a antisymmetrised in all the indices. The phase space involves H M , and the 
canonical momenta 


Fq i 

7T 0 = 0 


Kij 1 TI (^ijkA T Goij) 

TTOi = 0 


(3.28) 


with the second line giving the primary constraints. The canonical Hamiltonian is 

,2 

A 2 4- „ 

4 


Hi nv 


(TX 


o 

— 7Ta H - 
2 2 


m ~ -2 , 1 P 2 1 


A i + 7 F ij + Kij + 7 -^ijkAi-K jk 


1 

— ( 
2 


(3.29) 


A^YjG 2 j k — Ao(—diTTi + ^6ijkd l A jk ) + Aojdi'Kij'j. 

The time independence of the primary constraints in (3.28) yield the secondary constraints, 

-V-7 f+ng-eijk&A* = 0, 


diTTij = 0 . 


(3.30) 


Modulo these constraints and using (3.22), we find that (3.29) is just the Hamiltonian H c 
of (3.25). Note that the constraints in (3.28) and (3.30) are all first class, showing that 
(3.27) describes a gauge theory. 


4. Conclusion 

In this paper we have revealed gauge symmetries inherently present in the gauge non- 
invariant Proca model. We have used the Gauge Unfixing method, the central object of 
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which is the projection operator. We have shown that this operator defines the gauge theory 
by projecting all relevant quantities (constructed initially on the second class constrained 
surface) onto a first class constrained surface. This projection operator is not unique; there 
are two different operators, which implies two different gauge theories. We have shown that 
one of these results in a trivial gauge invariance, and the other gives a non-trivial one. In 
each of these gauge theories we have verified Poincare invariance by (necessarily) modifying 
the Poincare generators of the original Proca model. 

For the first gauge theory (case[i]), the corresponding Lagrangian is not manifestly 
Lorentz invariant (even though in phase space Lorentz invariance is confirmed). As for 
the second gauge theory the passage to the Lagrangian formulation results in a manifestly 
Lorentz invariant Lagrangian, thus confirming the Lorentz invariance shown in phase space. 
Further this Lagrangian is just the Stiickelberg Lagrangian, which was proposed quite 
sometime back by Stiickelberg 5 by adding extra terms in an extra (Stiickelberg) field directly 
to the Proca Lagrangian. From the constraints point of view our method is thus consistent 
with the Stiickelberg formulation. 

The Stiickelberg Lagrangian has also been derived using the Batalin-Fradkin (BF) 
method 6,7 , which is formulated by enlarging the phase space. We emphasize that the Gauge 
Unfixing method derives this Lagrangian without any extension of the phase space (similar 
conclusions have been arrived at for other systems also — the abelian Chern-Simons the¬ 
ory and the abelian chiral Schwinger model 3 ). Thus we have a connection between the two 
methods. 

We have also shown that the gauge theory of case(ii) leads to another formulation, 
that of the Maxwell field interacting with an antisymmetric tensor field. Whereas this was 
shown by Banerjee and Sawayanagi 6 to arise in an extended phase space, our analysis here 
shows that the original phase space is sufficient to reproduce such a theory. 

It would be interesting to see how well the method works for the non-abelian Proca 
model. In this model, it is not just the 7T 0 ~ 0 constraints and the Gauss law constraints 
which are second class with each other, but the Gauss law constraints are second class 
among themselves. It may be possible to use the Gauge Unfixing method (under certain 
conditions, see [3]) for these systems too. Work is in progress in this direction. 
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APPENDIX 

- / d 3 x 'ipx 

The projection operator IP =: e J : has the following properties: 


P 2 = P (Al) 

P(bB + cC) = bB + cC (A 2) 

XP = 0 (A3) 

P(ip) = $ = 0 (A4) 

(BC) = BC (A 5) 

{B,C}^P({B,C} db ) (A6) 

{B, {C, D}} + {C, [D, B}} + (D, {B, C}} ^ 0 (A7) 


where the symbol = implies equality on the surface defined by only y = 0. The proofs for 
the above properties can be found in [3]. 
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